In this paper, we are concerned with a class of control systems governed by semilinear evolution equations. Under appropriate conditions of different types, we prove that the control system, with arbitrarily a priori fixed Lipschitz-continuous nonlinearity, is globally rapidly exact-controllable and approximate-controllable, respectively. Primary 34K30 ; secondary 93B05; 93C25
Introduction
Let H and U be real Hilbert spaces, A the infinitesimal generator of a strongly continuous semigroup 
To provide the least restrictive condition to guarantee the well-posedness of the initialvalue problem for equation (.) (see Definition  for the precise sense of well-posedness), we assume hereafter that B satisfies ∃t ∈ (, ∞) s.t. The principal concern of this paper is concentrated on the controllability of the system (.). Let T ∈ (, ∞) be fixed. The system (.) is said to be exact-controllable in time T if for every pair (y  , y T ) ∈ H  , there exists a control u ∈ L  loc ([, ∞); U) such that the unique trajectory y ∈ C ([, ∞); H) of the system (.) with y() = y  satisfies y(T) = y T . The system (.) is said to be approximately controllable in time T if for every pair (y  , y T ) ∈ H  , for every ε ∈ (, ∞), there exists a control u ∈ L  loc ([, ∞); U) such that the unique trajectory y ∈ C ([, ∞); H) of the system (.) with y() = y  satisfies y(T) -y T H < ε. The controllability of the system (.) in a fixed time T has been studied extensively in the literature. When f ≡ , the exact/approximate controllability of the system (.) (written in the abstract form) is well understood and has elegant characterizations which are often easy to check; see [, ] for the details. The idea behind the proof of these characterizations has been used in recent years to check the controllability of systems governed by partial/ordinary differential equations; see [-] ([, -], resp. [, -]) and the references cited therein for control/observation results concerning systems governed by the -D linear hyperbolic systems (say, the transport equation) (heat equation, wave equation, Schrödinger equation, resp. Korteweg-de Vries equation). It is worth pointing out that linear systems governed by -D linear hyperbolic systems or linear wave equations (with constant/variable coefficients) are exactly controllable only when the time duration T (given a priori) for control actions is sufficiently long; this phenomenon results from the finite speed of propagation of these systems and can be circumvented by employing controls whose location changes as times evolves (see [, ] for control results of wave equation with non-cylindrical control domains, and a brief description of the notion of the finite speed of propagation can bee seen in []).
When f ≡ , the system (.) (written in the abstract form) has also been investigated extensively for its exact/approximate controllability; see [-] and the references therein. Quite recently, approximate controllability has been proved for a large number of abstract control systems involved with fractional derivatives; see [] and the references therein. Such diverse fixed-point methods as Banach's fixed-point theorem, Schauder's fixed-point theorem, and Schaefer's fixed-point theorem are widely used to obtain the desired control properties; see [, , ].
The notion pursued here is that of rapid exact-/approximate-controllability. Let us stress that we fixed a priori the time duration T when we speak of the notions of exact-and approximate-controllability; see the above three paragraphs. The system (.) is said to be rapidly exact-(resp. approximate-) controllable if it is exact-(resp. approximate-) controllable in any time duration T ∈ (, ∞). To obtain a clear picture of this notion, one can consider the system (.) in two different situations:
The system (.) in the situation () is rapidly exact-controllable if it is exact-controllable in a certain fixed time; this fact can be seen by recalling the Kalman rank criterion for controllability of linear time-invariant finitedimensional systems. The system (.) in the situation () can be envisaged as a 'realization' of the system, The purpose of this paper is (♦) to provide a sufficient condition that, for every f ∈ L H , the system (.) be rapidly exact-and/or approximate-controllable. An obvious way to achieve this goal is ( ) to provide a sufficient condition that the linear system (.) with f ≡ , be rapidly exact-and/or approximate-controllable, and to prove that such control property can be preserved by the system under nonlinear perturbations belonging to L H . But the following example indicates that we have to do more in this direction to come up with a desired sufficient condition:
The system (.), with (f  , f  ) ≡ (, ) , is rapidly exact-controllable since we have rank(B, AB) =  with (A, B) given by
We can show easily that not all perturbations belonging to L R  renders the system (.) to be rapidly exact-controllable.
This system is exact-controllable in a fixed time T  (if and) only if T  > . In particular, the system (.), with f  ≡ , f  given by (.), is not rapidly exact-controllable; one can see from the proof of Theorem . that the reason for the lack of rapid exact-controllability is that the nonlinearity f  is much too intense. The above example shows that the procedure ( ) is insufficient to provide a sufficient condition that the system (.) be rapidly exactcontrollable for all nonlinearities belonging to L H . And indeed, the procedure ( ) is also insufficient to provide a desired condition in the approximate-controllability case. Let us turn to the related references for inspiration. To the best of the author's knowledge, a couple of systems governed by semilinear partial differential equations have already been studied for their rapid (exact and/or approximate) controllability; see [, , , , , , , , , , ] and the references therein.
The route of the study of the rapid approximate-controllability of systems governed by (linear/nonlinear) heat equations is very interesting. Early in , Fattorini [] showed (among other things) by a Fourier's expansion method that a system described by the -D linear heat equation whose Dirichlet boundary value at the right-end point acts as a control is rapidly approximate-controllable; see also [] and [], pp. -. After that, the rapid approximate-controllability has been proved for a lot of systems governed by (linear/semilinear) heat equations in the mathematical control community; see [] and the ref- In [], Bashirov and Ghahramanlou proved, under the assumptions that the linearized system is rapidly partially approximate-controllable and that the nonlinearity is bounded uniformly, that a class of semilinear systems are rapidly partially approximate-controllable; the assumption on the infinitesimal generator of the dynamics of the systems under consideration is weaker than ours, but the one on the nonlinearity is more stringent than ours. The notion of exact-and approximate partial-controllability were introduced by Bashirov et al. [] , and Bashirov, Etikan and Şemi [] . See [] by Bashirov and Ghahramanlou for the counterpart for the stochastic systems.
As indicated previously, thanks to the finite speed of propagation, systems governed by linear wave equations where internal controls and/or boundary controls act on the same 'region' is not rapidly exact-controllable; see [, ]. Liu and Yong [] and Zhang [] considered systems governed by semilinear wave equations where the control domains vary as time evolves, and they proved under some additional conditions that the systems are rapidly exact-controllable.
From the existing results in the above-mentioned references we can get some useful clues to achieving the goal (♦). Let us use the model system (.) to introduce the clues. In principle, if the linear system (.), with f ≡ , is exactly controllable in a fixed time T  , then one can prove that the nonlinear system (.) is exact-controllable in time T  either by restricting to a subset of the state space or by restricting the intensity of the nonlinearity f. The main tool used in the proof of this principle is the Banach fixed-point theorem.
It is interesting to observe that it seems extremely difficult to use the above method to get some elementary results in the rapid approximate-controllability context. What gives us hope is the recent observation stated in []: A 'strong' approximate controllability of the linear system (.), with f ≡ , would support the application of Banach's fixedpoint theorem to obtain approximate controllability results for nonlinear systems with 'weak' nonlinearities or in a certain proper subset of the state space. In the approximatecontrollability part of this paper, we always assume the 'strong' approximate controllability condition on the linear system (.) with f ≡ ; see (.)  . It is worthy to mention that Zhou [] provided another condition which guarantees the approximate controllability of the linear system and supports him to prove the approximate controllability of semilinear systems with 'weak' nonlinearity with the help of the approximate controllability of the linear system. It seems more difficult to verify the condition provided by Zhou [] than the one provided in [] . Another useful clue is that one can remove both restrictions by assuming and employing compactness.
The first clue helped us a lot in identifying the candidates of the desired condition (♦). But we do not go along the second clue to remove the two restrictions mentioned in the previous paragraph; instead, we impose some restrictions on the linear system (.), with f ≡ , itself so that everyone of its exact-controls (resp. approximate-controls) behaves favorably. The existence of well-behaved exact-controls (resp. approximate-controls) would guarantee the rapid control property of the nonlinear system.
The main results of this paper read as follows. Under the Assumption  (resp. Assumption ), the control system (.), with a nonlinearity f arbitrarily fixed in L H , is rapidly exact-(resp. approximate-) controllable; see Theorem . (resp. Theorem .) for the details.
The rest of the paper is organized as follows. In Section  we collect some rudiments necessary for later development, and state explicitly our main results. In Section , we prove the rapid exact-controllability part of our main results. In Section , we prove the rapid approximate-controllability part of our main results. In Section , several semilinear systems are analyzed with the aid of our abstract results.
Preliminaries and statement of the main results
In this section, we write down several preliminaries which are available in textbooks concerning mathematical control theory and are necessary in the latter presentation, and we state clearly the main results of this paper.
Lemma . (see [, ]) Let A be given as in the first paragraph of Section .
• A * is the infinitesimal generator of a strongly continuous semigroup {e
Moreover, we have e tA * = (e tA ) * for every t ∈ [, ∞).
• There exists a pair
Lemma . (see []) The condition (.) is equivalent to each of the following conditions:
In the terminology of the community of control theory, B verifying (.) is said to be an admissible control operator for the semigroup {e 
is well defined and jointly continuous. 
We can show that q is non-decreasing and possesses the property
To each g ∈ L H we associate the function p H g which was precisely defined by
obviously, p H g is non-decreasing. Now, we are in a position to present the global well-posedness result of the initial-value problem for equation (.). By a solution/trajectory of the equation/system (.), we mean the following.
In the control community, y is also called a trajectory of the system (.).
The afore-mentioned well-posedness results can be stated as follows. 
• If y  and y  are two solutions to equation (.), with u = u  , and equation (.), with
• For every pair (y
Proof With the help of (.), we can complete the proof by utilizing Banach's fixed-point theorem and an argument used frequently to prove the well-posedness of Cauchy problems for ordinary differential equations. The details are omitted here.
We close this section by stating explicitly the main results of this paper. The first result concerns the rapid exact-controllability of the system (.) and holds true under the following assumption.
Assumption  There exist a T ∈ (, ∞) and a γ ∈ C ((, T]; (, ∞)) such that
⎧ ⎨ ⎩ lim inf t  {t[γ (t)q(t)]  } = , t  B * e (t-τ )A * η  H dτ ≥ [γ (t)] - η  H , ∀(η, t) ∈ D(A * ) × (, T]. (.)
Theorem . Suppose that Assumption  holds true. For every f ∈ L H , the control system (.) is rapidly exact-controllable. Equivalently, for every pair (T, f) ∈ (, ∞) × L H , the control system (.) is exact-controllable in time T.
Another main result of this paper is concerned with the rapid approximatecontrollability of the system (.) and holds true under the following assumption. 
Assumption  There exist a T ∈ (, ∞) and a σ ∈ C ((, T]; (, ∞)) such that
⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ lim inf t  {t[σ (t)q(t)]  } = , t  B * e (t-τ )A * η  H dτ ≥ [σ (t)] - t  e (t-τ )A * η  H dτ , ∀(η, t) ∈ D(A * ) × (,
Proof of Theorem 2.2
Our purpose in this section is to prove Theorem .. Utilizing (.)  in Assumption , we construct, in the first step, the exact-controllability Gramians of the linear system (.), with f ≡ , then analyze the obtained Gramians by using (.)  in Assumption , and lastly gather the properties of the Gramians and the fact that the nonlinearity f belongs to L H to obtain the desired rapid exact-controllability of the nonlinear system (.). The Banach contraction mapping fixed-point theorem is used in the third step of the afore-mentioned procedure. We analyze in this paragraph the controllability Gramians of the linear system (.) with f ≡ . To every t ∈ (, T] we associate the bounded linear operator t G ∈ L (H) which is defined by
In view of Remark ., the integral in (.) makes sense and the linear operator t G ∈ L (H) is indeed bounded. By the Lax-Milgram lemma, we deduce from Assumption  (resp. (.)  ) that  belongs to the resolvent set ρ( t G) of t G and that
then it suffices to prove the following control system is exact-controllable in time T:
But this system is indeed exact-controllable in time T since one can construct for every pair (y  , y T ) ∈ H  the control 
With the aid ofȳ,T , andT G, we define a mapping Γ on the Banach space C ([T -T, T]; H); the value of Γ at y ∈ C ([T -T, T]; H) is given by
where
: C ([T -T, T]; H) → H is a Lipschitz-continuous mapping whose value at y is given by
We prove in this paragraph that Γ y(T -T) =ȳ(T -T) and Γ y(T) = y T for every y ∈
C ([T -T, T]; H). The first equality is obvious, therefore it suffices to prove the second equality. Let (y, h) ∈ C ([T -T, T]; H) × H. Thanks to (.) and (.), we have
Therefore,
This, together with the fact that h ∈ H is arbitrarily chosen, implies Γ y(T) = y T . Noting that y ∈ C ([T -T, T]; H) is also arbitrarily chosen, the goal of this paragraph is achieved.
Combine Lemma . and the fact that f belongs to L H , to continue as follows:
where the '≤' in the third line follows from (.)  . And by a change-of-variable, we have
Having this at our disposal, we can prove
in which the '≤' in the third line follows from (.) and (.), the '≤' in the fourth line follows from (.), and the '≤' in the fifth line follows from (.)  . Besides, we can easily get
Substitute (.) and (.) into (.), to obtain
is arbitrarily chosen, Γ is a contraction mapping on 
C ([T -T, T]; H). Therefore Γ admits a unique fixed-point y ∈ C ([T -T, T]; H).

Let us defineȗ
∈ L  loc ([, ∞); U) by u(t) = ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩  i f t ∈ [, T -T), B * e (T-t)A * (T G) - y if t ∈ [T -T, T],  i f t ∈ (T, ∞),
Proof of Theorem 2.3
We prove Theorem . in this section. Our proof is closely related to an argument used in the reference [] which is, in turn, highly inspired by [] .
To facilitate the presentation of the proof of Theorem ., we introduce an auxiliary tool, namely, the notion of reachable sets. To each triple (t  , t  ;
we associate the set
; H is the unique solution to the evolution equation
When t  = , we write R(t  ; y  ; f) = R(, t  ; y  ; f) for short. In terms of the symbol introduced just now, we restate the approximate controllability as follows. The system (.) is approximate-controllable in a fixed time T if and only if for every y  ∈ H, R(T;
Once the notion of reachable sets is introduced, we are in a position to give a complete proof of Theorem ..
Proof of Theorem . Fix (T, f) ∈ (, ∞)×L H in an arbitrary way, and fix y  ∈ H arbitrarily.
Thanks to (.)  in Assumption , there exists aT ∈ (, T) such that 
and denote byy the unique solution to equation (.), with u =ȗ, such thaty() = y  . It is straightforward to show thaty(t) =y(t) for all t ∈ [T -T, ∞). In particular, we have y T =y(T) =y(T) ∈ R(T; y  ; f). Since y T is given arbitrarily in R(T -T, T;ȳ(T -T); f),
R(T -T, T;ȳ(T -T); f) is indeed contained in R(T; y  ; f).
Since y  ∈ H is arbitrarily given, the system (.) is approximate-controllable in time T.
Since (T, f) ∈ (, ∞) × L H is arbitrarily chosen, the proof is complete.
Applications. Examples and counterexamples
We give three examples in this section to illustrate the way to apply our abstract result to 'detect' whether a semilinear system is rapidly exact-controllable.
Example  Consider the control system
is a control, and y ∈ C ([, ∞); R) is a state trajectory. We prove next that this system satisfies the following.
Claim . For every f ∈ L R , the control system (.) is rapidly exact-controllable. Equivalently, for every pair
we write U = R; we define A by
and we define the control operator B by giving explicitly its adjoint B * as
By simple calculations, Thanks to the well-known hidden regularity property, there exists a C ∈ (, ∞) such that
On the other hand, it is also well known that
The proof of (.) can be finished via Fourier's series expansion argument and is available in some classical references on control theory; for the sake of completeness, we write it down in detail at the end of this section. By an argument used to prove [], Theorem ., we can deduce from (.) that, for every (T, f ) ∈ [, ∞) × L R , the system (.) is exact-controllable in time T; the compactness contributes in an essential way to guarantee the global exact-controllability for all nonlinearities f ∈ L R .
The system (.) is not rapidly exact-controllable for a certain f ∈ L R , f ≡ , say. This observation precludes automatically the application of Theorem . to a judgment of whether the system (.) (with a specific nonlinearity) is rapidly exact-controllable. An interesting question yet to be answered is whether the system (.) is not rapidly exact-controllable for any nonlinearity f ∈ L R .
To close this section, we would like write down in detail the proof of (.).
Proof of (.) First of all, it is easy to observe that t → e Inspired by the results of this paper and the ones obtained in the references cited in this section, we are going to investigate the following system for its rapid approximatecontrollability in the near future: The governing equation of the above system is of Sobolev type and has some similarity to the one studied in Ref. [] . Therefore, it is every interesting to see whether the method used by Leiva and Sanchez [] can be applied to study the above system.
